Abstract. In the theory of finite order knot invariants, the universal sl 2 weight system maps the chord diagrams to polynomials in a single variable with integer coefficients. In this paper, we define a family of polynomials that generalize the Kreweras triangle (known to refine the normalized median Genocchi numbers), and we show how it appears in this weight system.
1. Introduction 1.1. About the chord diagrams and the universal sl 2 weight system. Let n be a positive integer. In the theory of finite order knot invariants (see [3, 14] ), a chord diagram of order n, or n-chord diagram, is an oriented circle with 2n distinct points paired into n disjoint pairs named chords, considered up to orientation-preserving diffeomorphisms of the circle. It can be assimilated into a tuple ((p i , p The theory provides the construction of nontrivial weight systems from semisimple Lie algebras, among which the Lie algebra sl 2 of the 2 × 2 matrices whose trace is zero, which raises a weight system ϕ sl 2 mapping the n-chord diagrams to elements of Z[x] with degree n. With precisions, it gives birth to a family of weight systems (ϕ sl 2 ,λ ) λ∈R related by the following equation for all λ ∈ R and for all n-chord diagram D :
(1) λ n ϕ sl 2 ,λ (D)(x/λ) = ϕ sl 2 (D)(x).
In the rest of this paper, we consider the weight system ϕ = ϕ sl 2 ,2 .
The following is a combinatorial definition of ϕ from Chmutov and Varchenko [4] . 2) ), otherwise n ≥ 2 and ϕ(D) is defined by the following induction formula :
is then a nontrivial result that this definition does not depend on the choice of a); -D a is the (n − 1)-chord diagram obtained from D by deleting the chord a; -k is the cardinality #I a where I a is the set of the integers i ∈ [n] such that the point p i is located in the left half-plane defined by the support of a, and such that the chord
The first elements of (D n ) n≥1 :
The following is a conjecture from Lando that we will prove later (as a consequence of Theorem 8).
Conjecture 4 (Lando,2016) . For all n ≥ 1,
where (h n ) n≥0 = (1, 1, 2, 7, 38, 295, . . .) is the sequence of the normalized median Genocchi numbers [17] , of which we give a reminder hereafter.
1.2.
About the Genocchi numbers. The Seidel triangle [6] is a family of positive integers (g i,j ) 1≤j≤⌈i/2⌉ (see Figure 3 ) defined by g 1,1 = 1 and
for all p ≥ 1, where g 2p,p+1 = g 2p+1,0 = 0. The Genocchi numbers (G 2n ) n≥1 = (1, 1, 3, 17, 155, 2073, . . .) [15] and the median Genocchi numbers (H 2n+1 ) n≥0 = (1, 2, 8, 56, 608, . . .) [16] can be defined as the positive integers G 2n = g 2n−1,n and H 2n+1 = g 2n+2,1 [6] . It is well known that H 2n+1 is divisible by 2 n for all n ≥ 0 [1] . The normalized median Genocchi numbers (h n ) n≥0 = (1, 1, 2, 7, 38, 295, . . .) are the positive integers defined by
Remark 5. In view of Formula (1) with λ = 2, Conjecture 4 is equivalent to
There exist many combinatorial models of the different kinds of Genocchi numbers. Here, for all n ≥ 0, we consider :
-the set P D2 n of the Dumont permutations of the second kind, that is, the permutations σ ∈ S 2n+2 such that σ(2i − 1) > 2i − 1 and σ(2i) < 2i for all i ∈ [n + 1]; -the subset P D2N n ⊂ P D2 n of the normalized such permutations, defined as the σ ∈ P D2 n such that σ
It is known that H 2n+1 = #P D2 n [5] and h n = #P D2N n [12, 8] .
Kreweras [12] refined the integers h n through the Kreweras triangle Figure 4 ) defined by h 1,1 = 1 and, for all n ≥ 2 and It is easy to see that for all n ≥ 0, the set P D2N n has the partition {P D2N n,k } k∈ [n] where P D2N n,k is the set of the σ ∈ P D2N n such that σ(1) = 2k. Kreweras and Barraud [13] proved that for all n ≥ 1 and k ∈ [n], the integer h n,k is the cardinality of P D2N n,k . In particular, for all n ≥ 1,
A visible property of the Kreweras triangle is the symmetry
for all n ≥ 1 and k ∈ [n]. We can prove it combinatorially [13, 2] , or by induction through the following easy formula
(where h n,0 is defined as 0), derived from Formulas (3). We now define a polynomial version of the Kreweras triangle, in the sense that it follows induction formulas analogous to Formulas (3), which gives it anologous properties.
1.3.
A generalized Kreweras triangle. Let (K n,k ) 1≤k≤n be the family of polynomials defined by K 1,1 = x and, for all n ≥ 2 and k ∈ [3, n],
We depict in Figure 5 the first lines of this triangle.
Figure 5. The first four lines of (K n,k ) 1≤k≤n .
In view of Formulas (3), it is easy to see that for all n ≥ 1 and k ∈ [n], the polynomial K n,k is of the kind
for some positive integers a n,k,1 , . . . , a n,k,n−2 . The induction formulas of (a n,k,1 ) 1≤k≤n implied by Formulas (7) can also be solved easily and give
. We can also note that (10) a n,1,2 − a n−1,1,2 = n−1 j=i a n−1,i,1 = (n − 1)
in view of Formula (9), which implies a n,1,2 = (n − 2)(n − 1)n(5n − 7)/24 for all n ≥ 1. This integer a n,1,2 can be interpreted as the number of uplets (w, x, z, t) ∈ [n − 1] 4 such that w > x < y ≥ z. We show it by induction on n. There are indeed a 1,1,2 = 0 such uplets that belong to [0] 4 = ∅. Suppose now there are a n−1,1,2 such uplets in
for some n ≥ 2, and let (w, x, y, t) be such an uplet that belongs to
There are three cases : -either (w, x, y, t) = (n−1, x, y, x) or (n−1, x, y, y) for some x < y (there are 2 n−1 2 such uplets); -or (w, x, y, t) = (n − 1, x, y, z) for some x = z < y (there are 2 n−1 3 such uplets); -or (w, x, y, t) = (w, x, n − 1, z) for some x < w ≤ n − 2 and z ∈ [n − 1] (there are (n − 1) n−2 2 such uplets), for a total of (n − 1)
elements, which gives the induction formula (10) .
The combinatorial interpretation of the coefficient a n,k,i in general (which would bridge the gap between a n,k,1 and h n,k ) is an open problem.
The symmetry of the Kreweras triangle stated by Formula (5) has the extension (11) K n,n+1−k = K n,k , which can be proved by induction through the following formula which extends Formula (6) and which we easily derive from Formulas (7) :
for all j ∈ [n] (where K n,0 is defined as −xK n,1 for all n ≥ 0; recall that K 0,1 has been defined as 1).
1.4.
How the polynomial Kreweras triangle appears in the universal sl 2 weight system. Definition 6. Let n ≥ 1 and k ∈ [0, n − 1]. We define two n-chords diagrams A n,k and B n,k as follows.
We then define two polynomials A n,k = ϕ(A n,k ) and B n,k = ϕ(B n,k ). Note that :
-the chord (p 1 , p * 1 ) of A n,k or B n,k (and the chord (p n , p * n ) of B n,k ) intersects exactly k chords; -for all n ≥ 1, (A n,0 , A n,1 ) = (xD n−1 , (x − 1)D n−1 ) (where D 0 is defined as 1), and (B n,0 , B n,1 ) = (
We also set A n,−1 = 0 and B n,−1 = −xD n .
Remark 7. For all 1 ≤ i < j ≤ n, it is straightforward that
The main result of this paper is the following, which implies Conjecture 4.
Theorem 8. For all n ≥ 1 and k ∈ [0, n − 1], we have
(recall that K 0,1 = 1 and K n,0 = −xK n,1 for all n ≥ 0).
Note that Formula (13 n+1,0 ) and Formula (14 n,0 ) are both equivalent to D n = K n,1 for all n ≥ 1, which indeed proves Conjecture 4 in view of Formula (8) and Formula (4).
We prove Theorem 8 in Section 2.
In Section 3, we discuss open problems related to it, among which a more general conjecture from Lando.
Proof of Theorem 8
For n = 1 and k = 0, we have A 1,−1 − A 1,0 = −x = K 0,0 and
e., Theorem 8 is true for this case. Assume that it is true for some n ≥ 1 and for all k ∈ [0, n − 1]. In particular, Formula (14 n,0 ) being true implies K n,0 = −xD n , hence Formula (13 n+1,0 ).
Proof. We have A n,0 = xD n−1 and A n,n−1 = D n so the equality is true for k = 1. Suppose it is for some k ∈ [n − 2]. In view of Formula (13 n,k ), Formula (13 n,n−k ) and Formula (11), we have A n,k−1 +A n,n−k = A n,k + A n,n−k−1 , so the lemma is true by induction on k.
Proof. For all l ∈ [0, n], from Definition 1 (with D = A n+1,l and a = (p 1 , p * 1 )) and Remark 7, we have (15) A
from which the lemma follows in view of Remark 7 and B n,−1 −B n,n−1 = −(x + 1)D n . Now, Lemma 10, Formula (14 n,k ) for all k ∈ [0, n − 1], and the equality −xD n = K n,0 imply Formula (13 n+1,k ) for all k ∈ [0, n]. Afterwards, from Formulas (7) we have
which, in view of xK n,1 = xD n = A n+1,0 and Formula (13 n+1,k ) for all
This proves Formula (14 n+1,0 ). It remains to prove Formula (14 n+1,k ) for all k ∈ [n].
Definition 11. For all n-chord diagram D and for all quadruplet of
They are related by the equality
Proof. By applying Definition 1 on D = B n+1,l (respectively on D = A n+1,l ) with a = (p n+1 , p * n+1 ), we obtain Formula (17) (respectively Formula (18)).
Proof. It is an application of Formula (17) and Formula (18) with l = n − k.
Proof. By applying Formula (17) and Formula (15) with l = k − 1, and in view of Lemma 9, we obtain that A n+1,k−1 − B n+1,k−1 + xA n,k−1 equals
The lemma then follows by applying Formula (15) one last time to the expression A n,k−1 − (x − (k − 1))D n−1 .
As we will see at the end of this section, the rest of the proof is to show that the polynomials in Lemma 13 and Lemma 14 are equal, in other words, to obtain n j=n−k+2
Incidentally, the sums of polynomials R 2,k−i,k−i+1,n−2 (B n−1,j−i−1 ) and
Proof. By applying Definition 1 on D = B n,j−i−1 and the chord a = (p k−i+1 , p * k−i+1 ) (respectively on D = B n,n−1−(j−i) and the chord a = (p k−j+2 , p * k−j+2 )), we obtain the two respective formulas
and the equations of the lemma then follow from Formula (16).
Lemma 17. Let k ∈ [n] and 2 ≤ i < j ≤ k. We consider the pair
Then :
Proof. We have
. Now, at this step we know that Formula (13 n,k ) and Formula (13 n+1,k ) are true, which implies that
so Formula (21) implies Formula (14 n+1,k ) for all k ∈ [n] in view of Formula (12) and Formula (11) . This ends the proof of Theorem 8.
Open problems
Conjecture 4 proved by Theorem 8 is a particular case of the following conjecture, as we explain afterwards. for all n ≥ 0, where ω b•(x),λ•(x) (γ) is the product of the weigths of the steps of γ ∈ M n , where an up step is weighted by 1, an horizontal step from (x, y) to (x + 1, y) by b y (x), and a down step from (x, y) to (x + 1, y − 1) by λ y (x). Now, for all n ≥ 2, if M ′ n is the subset of the paths γ = (p 0 , . . . , p n ) ∈ M n whose only points p i = (x i , y i ) such that y i = 0 are p 0 and p n , then
